Abstract: Due to the safe operation and stability of non-premixed combustion, it can widely be utilized in different engineering power and medical systems. The current paper suggests a mathematical asymptotic technique to describe non-premixed laminar flow flames formed in organic particles in a counter-flow configuration. In this investigation, fuel and oxidizer enter the combustor from opposite sides separately and multiple zones including preheating, vaporization, flame and post-flame zones were considered. Micro-sized lycopodium particles and air were respectively applied as a biofuel and an oxidizer. Dimensionalized and non-dimensionalized mass and energy conservation equations were determined for the zones and solved by Mathematica and Matlab software by applying proper boundary and jump conditions. Since lycopodium particles have numerous spores, the porosity of the particles was involved in the equations. Further, significant parameters such as lycopodium vaporization rate and thermophoretic force corresponding to the lycopodium particles in the solid phase were examined. The temperature distribution, flame sheet position, fuel and oxidizer mass fractions, equivalence ratio and flow strain rate were evaluated for the counter-flow non-premixed flames. Ultimately, the thermophoretic force caused by the temperature gradient at different positions was computed for several values of porosity, fuel and oxidizer Lewis numbers.
Introduction
Considering the progressive depletion of fossil fuels, the soaring costs of these fuels and the greenhouse gas (GHG) emissions associated with them, significant attention has been turned toward using alternatives to these fuels [1, 2] . In recent years, bioenergy has been introduced as a reasonable form of renewable energy with a high degree of sustainability for use in various industrial and medical applications [3] . Bioenergy can readily be achieved through the combustion of biomass fuels [4] . On the basis of structure, combustion is categorized into premixed, partially premixed and non-premixed flames [5, 6] , among which non-premixed combustion is widely utilized in engineering combustion power systems due to its safe operation and stability [7] . So far, different experimental and analytical investigations have been performed by various researchers to specify the propagation of non-premixed flames through biofuels.
Joshi and Berlad [8] experimentally studied the behavior of premixed flames through a lycopodium-air mixture and reported the flame temperature distribution in the vertical position. In another investigation, Berlad and Joshi [9] used both analytical and experimental approaches to model the extinction and temperature distribution of premixed flames burning lycopodium dust clouds. Berlad and Tangirala [10] studied the effect of thermal radiation on the behavior and structure of lycopodium-fueled flames considering a small quantity of gravity force. The behavior of a triple-zone premixed flame containing uniformly-distributed lycopodium particles was developed by Seshadri, applying an asymptotic method [11] . Han et al. [12] experimentally perused flame propagation through a lycopodium-air mixture within a vertical duct and evaluated the weight loss of the lycopodium particles and flame velocity. In further experimental work, Han et al. [13] investigated the propagation of lycopodium dust particles in a premixed combustible system using particle image velocimetry (PIV). Xi et al. [14] used an experimental method to study the pulsation characteristics of a swirl non-premixed flame. Proust [15] experimentally investigated flame propagation through lycopodium-air and sulphur flour-air mixtures. Skjold et al. [16] examined turbulent flame propagation through lycopodium dust clouds at a constant pressure and made a comparison between the structures of the produced premixed and non-premixed flames. Shamooni et al. [17] employed a finite-rate scale similarity method to predict the combustion and heat release rates in non-premixed jet flames. A two-dimensional analytical model was presented by Rahbari et al. [18] for premixed flames propagating through a lycopodium-air mixture taking into account the particle size and equivalence ratio parameters. Bidabadi and Esmaeilnejad et al. [19] suggested an analytical triple-zone model for counter-flow premixed flames propagating through a lycopodium-air mixture. Bidabadi et al. [20] proposed a non-premixed triple-zone combustion model for lycopodium dust flames in a counter flow configuration. Xi et al. [21] experimentally and numerically simulated the flame shape and size for a high-pressure turbulent non-premixed swirl combustion. The combustion behavior of non-premixed micro-jet flames through a methane-air mixture in a co-flow configuration was reported by Li et al. [22] . Bidabadi et al. [23] theoretically investigated the effect of thermal resistance on the structure of the premixed combustion of micro-organic dust particles with air. Spijker and Raupenstrauch [24] performed a numerical investigation to reveal the effect of the inner structure of lycopodium particles on the propagation of premixed flames. Chen et al. [25] experimentally described the temperature distribution of the propagation of premixed flames through a methane-air mixture considering the porosity parameter. Bidabadi et al. [26] developed a method for the theoretical investigation of multi-zone counter-flow premixed flames burning lycopodium dust clouds considering the vaporization rate. Ji et al. [27] experimentally computed the maximum pressure and the maximum rate of pressure rise of several hybrid mixtures taking into account different venting diameters and static activation pressures. Di Benedetto et al. [28] employed a theoretical/numerical method to determine the minimum ignition temperature of polyethylene dust at several dust concentrations in air. Sanchirico et al. [29] evaluated the flammability and combustion behavior of several complex hybrid mixtures, e.g., mixtures of nicotinic acid, lycopodium and methane, at different dust concentrations. In another study, Sanchirico et al. [30] experimentally demonstrated the combustion and flammability behavior of combustible dust mixtures including lycopodium, Nicotinic acid and Ascorbic acid.
As reviewed of the literature, numerous theoretical and experimental examinations have been undertaken on the behavior of premixed flames propagating through organic fuels. Until now, no comprehensive mathematical models have been available in the literature on the behavior of multi-zone counter-flow non-premixed flames. In most of the previous studies, in which limited models were introduced, the shape of lycopodium particles was considered to be spherical while these particles consist of numerous minute spores that can affect the structure of premixed and non-premixed flames [12] . In addition, the thermophoretic force, caused by a temperature gradient for transferring micro-sized fuel particles, has not yet been investigated mathematically for non-premixed flames. The current paper aimed to theoretically describe the structure of counter-flow non-premixed flames through organic particles taking into account the effects of fuel particle porosity and thermophoresis. The biofuel particles and oxidizer were separately injected into a combustor from opposite sides. Multiple zones composed of preheating, vaporization, flame and post-flame zones, are presented. Lycopodium particles and air were injected into the system as biomass and oxidizer, respectively. The governing equations, including mass and energy conservation equations, were derived for the above-mentioned zones. The impacts of fuel particle porosity, vaporization and thermophoresis on the structure of the flames are discussed. Changes in the flame temperature and the location of the flame sheet with fuel and oxidizer Lewis numbers were examined for several porosity factors. Additionally, the influence of the equivalence ratio on the temperature distribution was evaluated. Afterwards, the mass fractions and temperature distributions of the biofuel and oxidizer at different positions were obtained. Then, variations of the flow critical strain rate with oxidizer and fuel Lewis numbers are described. Finally, the thermophoretic force caused the temperature gradient of the solid particles was computed for several different porosity factors, fuel and oxidizer Lewis numbers.
Theoretical Modeling

Lycopodium Characteristics
In the last couple of decades, the accidental ignition of flammable organic and inorganic dusts, as well as knowledge of combustion and flammability, has gained much attention [31] . Lycopodium particles have been introduced as a reasonable reference for volatile biomass fuels due to its excellent dispersibility and flammability [12] . Lycopodium can efficiently be used as a reference fuel for testing different biomass-fueled systems and recognizing the combustion processes in the systems prior to industrial scale-up [12, 29, 30] . A lycopodium particle typically contains almost 50% fat oil, 2% sucrose and 24% sporopollenin [12] . One of the main advantages of this biofuel is that almost no solid residue is produced during the combustion process [12] . In this study, as can be found in the literature, it was assumed that a gaseous fuel with a certain chemical composition, gaseous methane, is produced through the vaporization of these volatile particles [11] . In this regard, the pyrolysis process was disregarded in the current study. It should be noted that lycopodium particles are mono-disperse in size [14] and contain numerous minute spores [12] , as illustrated in Figure 1 . Moreover, when the lycopodium particles were injected into a combustible system via a nozzle, they did not undergo breakage due to their sponge-like behavior (i.e., the numerous minute spores are "elastic") [31] .
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Theoretical Modeling
Lycopodium Characteristics
In the last couple of decades, the accidental ignition of flammable organic and inorganic dusts, as well as knowledge of combustion and flammability, has gained much attention [31] . Lycopodium particles have been introduced as a reasonable reference for volatile biomass fuels due to its excellent dispersibility and flammability [12] . Lycopodium can efficiently be used as a reference fuel for testing different biomass-fueled systems and recognizing the combustion processes in the systems prior to industrial scale-up [12, 29, 30] . A lycopodium particle typically contains almost 50% fat oil, 2% sucrose and 24% sporopollenin [12] . One of the main advantages of this biofuel is that almost no solid residue is produced during the combustion process [12] . In this study, as can be found in the literature, it was assumed that a gaseous fuel with a certain chemical composition, gaseous methane, is produced through the vaporization of these volatile particles [11] . In this regard, the pyrolysis process was disregarded in the current study. It should be noted that lycopodium particles are mono-disperse in size [14] and contain numerous minute spores [12] , as illustrated in Figure 1 . Moreover, when the lycopodium particles were injected into a combustible system via a nozzle, they did not undergo breakage due to their sponge-like behavior (i.e., the numerous minute spores are "elastic") [31] . Figure 1 . Scanning electron microscopy of lycopodium biofuel particles [22] . Figure 1 . Scanning electron microscopy of lycopodium biofuel particles [22] . 
Porosity of Lycopodium Particles
As described in Figure 1 , lycopodium particles are not completely spherical-shaped particles. Therefore, the porosity effect should be involved in the modeling of the flame structures fueled by these particles. Figure 2 shows the porosity of the lycopodium particles considered in this study.
The volume porosity and porosity factor [32] are defined by the following equations, respectively:
where , and are the fraction of the empty volume, void volume and total volume, respectively. 
Thermophoretic Force
The thermophoresis phenomenon, first introduced by Tyndall, is due to the temperature gradient that transfers micro-sized particles from a warmer zone to a colder zone [33] [34] [35] . This phenomenon is notably influenced by the particle size and mean free path of the molecules [36] [37] [38] . It should be pointed out that the ratio of the molecules mean free path to diameter is represented by the Knudsen number that can be obtained by the following equation [36] :
where is the radius of the particles, and is the mean free path of the molecules that can be defined as follows [36, 38] :
where ∅ is equal to 0.941 [38] , and and are the dynamic viscosity of the fuel particles and the density of the gas, respectively. ̅ is the mean thermal velocity of the molecules that can be expressed as follows [36] :
where and are the temperature and molecular mass, respectively. In addition, R is the universal gas constant, which is equal to 8.314 .
To assess the thermophoretic force, the following correlation can be applied [36] :
where is calculated by the following correlation [36] : The volume porosity and porosity factor [32] are defined by the following equations, respectively:
where ε, V void and V total are the fraction of the empty volume, void volume and total volume, respectively.
where r p is the radius of the particles, and L is the mean free path of the molecules that can be defined as follows [36, 38] :
where ∅ is equal to 0.941 [38] , and µ and ρ g are the dynamic viscosity of the fuel particles and the density of the gas, respectively. c is the mean thermal velocity of the molecules that can be expressed as follows [36] :
where T and M are the temperature and molecular mass, respectively. In addition, R is the universal gas constant, which is equal to 8.314 J mol·K . To assess the thermophoretic force, the following correlation can be applied [36] : where k T is calculated by the following correlation [36] :
where µ, r p , k g , k p , ∇T and T ∞ are the dynamic viscosity of the fuel particles, the particle radius, the gas thermal conductivity, the solid particle thermal conductivity, the temperature gradient and the ambient temperature, respectively. C k , C t and C m are the temperature jump, the temperature creep and the velocity jump coefficients [37] . Table 1 lists the constant parameters used in Equation (7). The Knudsen number can be obtained by the following correlation [36] : Assuming small Knudsen numbers, the Talbot correlation (Equation (6)) can be rewritten as follows [36, 38, 39] :
where C p is the specific heat of the lycopodium particles. Figure 3 represents the structure of a non-premixed flame, in which the biofuel and oxidizer were entrained in a counter-flow configuration. Regarding this figure, the porous biofuel particles and oxidizer separately enter the combustor from −∞ and +∞ (opposed sides), respectively. In this analysis, a gaseous fuel with a specific chemical composition, gaseous methane, was produced from solid biofuel particles once they asymptotically crossed the vaporization front [11] . Subsequently, the gaseous fuel blended with the oxidizer within the reaction zone and a huge quantity of thermal bioenergy was released. In this investigation, an asymptotic approach was used to model the vaporization and the reaction processes. Besides, the momentum of the fuel and oxidizer streams was considered to be equal so a stagnation plane was placed in the middle of the fuel and oxidizer nozzles. The location of the stagnation plane was employed as the reference coordinate for measuring the location of the flame sheet and vaporization front, as shown in Figure 3 . The mass particle concentration value at −∞ was assumed to be less than 100 gr/cm 3 . Therefore, the initial position of the flame sheet was presumed to be on the left-hand side of the stagnation plane. It should be noted that the flame sheet position was the axial distance from the stagnation plane at which the flame front was detected. 
The Flame Structure
Mathematical Modeling of the Flame
In this paper, the vaporization rate was modeled as the amount of gaseous fuel mass per unit volume per unit time that can be described as follows [40] :
where , , , and are the mass fraction of solid particles, the constant vaporization characteristic time, the Heaviside function, the fuel temperature and the vaporization temperature of the particles. The Heaviside function is defined as follows:
The thermal diffusivity (α) to mass diffusivity (D) ratio (i.e., Lewis number) is defined as follows [41] :
Chemical kinetics were assumed to be a one-stage reaction and expressed as follows [42] :
where , and denote the fuel, oxidizer and products, respectively. , and are the stoichiometric coefficients of the fuel, oxidizer and products, respectively. The one-dimensional velocity field of the particles was considered as follows:
where and represent the velocity in the X direction and the flow strain rate, respectively. The following assumptions were considered in this analysis:
• For simplicity, it was assumed that values of density and specific heat were constant and the momentum of the fuel and oxidizer streams were the same.
•
The vaporization process occurred in a very thin zone (asymptotic limit).
• Thermal radiation and heat losses were disregarded.
• Lycopodium particles were uniformly dispersed. In other words, the size and shape of the particles were assumed to be the same.
• A large Zeldowich number was presumed. Thus, the thickness of the flame zone would be too small. 
Mathematical Modeling of the Flame
where Y s , τ vap , H, T and T v are the mass fraction of solid particles, the constant vaporization characteristic time, the Heaviside function, the fuel temperature and the vaporization temperature of the particles. The Heaviside function is defined as follows:
where [F] , [O] and [P] denote the fuel, oxidizer and products, respectively. υ F , υ O and υ P are the stoichiometric coefficients of the fuel, oxidizer and products, respectively. The one-dimensional velocity field of the particles was considered as follows:
where u and a represent the velocity in the X direction and the flow strain rate, respectively. The following assumptions were considered in this analysis:
•
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• A large Zeldowich number was presumed. Thus, the thickness of the flame zone would be too small.
The ambient temperature (T ±∞ ) was assumed to be 300 K.
In order to analytically solve the coupled complex conservation equations of mass and energy in the considered zones, it was assumed that a gaseous fuel with a certain chemical composition evolved from the asymptotic vaporization of the lycopodium particles. Therefore, pyrolysis was disregarded as clearly considered in References [11, 20, 43 ].
No chemical interaction occurred between the solid particles before the vaporization front.
Dimensionalized Governing Equations
The conservation of mass equation for a fuel in the gaseous phase was derived, considering the effect of porosity:
where D F , Y F and ω F are the fuel diffusivity, the gaseous fuel mass fraction and the chemical reaction rate, respectively. The chemical reaction rate was obtained using a one-step Arrhenius correlation [44, 45] :
where β and E are the frequency constant and overall activation energy, respectively. Y F and Y O are expressed as follows [41] :
where Y O and Y F represent the oxidizer and fuel volume fractions. m F and m O are the fuel and oxidizer molecular weights, and m denotes the molecular weight of the mixture. By neglecting the diffusion of the solid particles (no interaction exists between the solid particles), the mass conservation equation for the solid fuel particles can be presented as follows:
where Y s and ω v are the mass fraction and vaporization rate of the solid fuel particles, respectively. The conservation equation of energy was obtained as follows:
where Q is the released heat per unit mass of consumed fuel, Q v is the latent heat of vaporization and D T = λ ρC is the thermal diffusivity coefficient. In Equation (19) , C represents the specific heat capacity of the mixture that can be calculated using the following correlation [40, 46, 47] :
where ρ p is the density of the solid particles and n p is the particle number density per unit volume. The density of the mixture is stated as follows, taking into account the porosity of the particles [40] :
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The conservation of mass equation for the oxidizer is as follows:
where D O and Y O are the oxidizer mass diffusion and mass fraction, respectively.
Normalization of the Governing Equations
For normalizing the governing equations, the following parameters were employed [41] :
where θ, y F , y O , y S and x are the normalized forms of the temperature, the fuel mass fraction, the oxidizer mass fraction, the solid fuel mass fraction and position, respectively. Y F−∞ is the initial mass fraction of the fuel in the gaseous phase at x → −∞ (where fuel particles exit in the fuel nozzle). By applying the non-dimensionalized parameters (Equation (23)) into Equations (14), (18), (19) and (22) and considering the definition of a chemical reaction, the vaporization rate and Lewis number, the following normalized equations were obtained for the gaseous fuel mass conservation (Equation (24)), the solid fuel mass conservation (Equation (25)), the oxidizer mass conservation equation (Equation (26)) and the energy conservation equation (Equation (27)), respectively:
where T a is the activation temperature, which is defined as T a = E R (E is the overall activation energy), q is defined as q = Q v Q and D C is the Damkohler number, which was determined using the following equation [41] :
where ϑ O is the number of moles of oxygen participating in the reaction with one mole of fuel and W F is the molecular weight of the fuel.
Boundary and Jump Conditions
In order to solve the non-dimensionalized governing equations in each of the zones, proper boundary and jump conditions were used. In this study, the following division was considered:
Preheat zone:
where x v and x f are locations of the vaporization front and flame sheet, respectively. As previously
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The following boundary conditions were applied in the analysis of the counter-flow non-premixed flame:
where α was obtained using the following correlation [38] :
The above boundary conditions were defined for the temperature and mass fraction of the fuel and oxidizer at x = −∞ and x = +∞. Nevertheless, to detect the positions of the vaporization front (x v ) and flame sheet (x f ), and the corresponding temperature and mass fractions, and enforce the continuity throughout the system, additional conditions were required at x = x v and x = x f . It should be pointed out that at the flame sheet, θ = θ f and y = y F , and at the vaporization front, θ = θ v and y = y Fv , which must be solved. Since the current analysis was conducted based on an asymptotic concept, the vaporization and reaction processes occurred within a very thin zone. At the vaporization front, the convection and reaction terms were neglected compared to the diffusion and vaporization terms. Moreover, at the flame sheet position, the convection and vaporization terms can be disregarded against the reaction and diffusion terms. By using the aforementioned explanations and integrating Equations (24) , (26) and (27) 
f , the following jump conditions were obtained at x = x v and x = x f , respectively, as below:
where [] (square brackets) is defined as [] =( ) + − ( ) − . No reaction occurred at the vaporization front. Therefore, the following governing equations were used for the modeling of the vaporization process:
By integrating the above equations from x − v to x + v , the following equations were achieved: Equations (38) and (39) describe the jump conditions at the vaporization front (x v ). In order to obtain the jump condition at the flame sheet (x f ), the vaporization terms were neglected relative to the diffusion and reaction terms. Further, since the value of the Zeldovich number was presumed to be very large, the thickness of the reaction zone would be very small and the convection term can be neglected. Hence, the following equations were used to model the reaction process:
By aggregating Equations (40) and (41), the following equation was achieved:
By performing a similar procedure for the oxidizer, the following equation was obtained:
The following equation was determined by aggregating Equations (40) and (41):
Finally, by integrating Equations (42) and (44) 
f , the jump condition at the flame sheet was achieved as follows:
Solution of the Governing Equations
In this subsection, the solution of the non-dimensionalized governing equations is presented considering the boundary and jump conditions. It must be noted that for solving the complex equations, Mathematica and Matlab software were employed.
In this zone, the temperature distribution was obtained by solving Equation (35):
Considering the presented boundary conditions, C 1 and C 2 were calculated and the following function was achieved for the temperature distribution:
Oxidizer mass fraction By solving Equation (37), the following equation was obtained for the oxidizer mass fraction:
By applying the boundary conditions, C 1 and C 2 were found to be zero and therefore the mass fraction of the oxidizer will be zero:
Fuel mass fraction By solving Equation (36), the following equation was obtained for the fuel mass fraction in this zone:
By using the boundary conditions presented in Equation (51), the fuel mass fraction function was calculated as presented in Equation (52).
Zone R 2 :
As previously mentioned, the solid fuel particles were immediately turned into a gaseous fuel once they crossed the vaporization front. In this zone, the following boundary conditions were applied:
By solving Equation (35) and using these boundary conditions, the temperature distribution of a gaseous fuel was obtained as follows:
Oxidizer mass fraction
In this zone, there was no oxidizer; thus, the mass fraction of the oxidizer was found to be zero.
Fuel mass fraction The fuel mass fraction was obtained by solving Equation (36) and applying the following boundary conditions:
(57)
In this zone, no gaseous fuel existed. The temperature distribution can be achieved by calculating Equation (35) and using the following boundary conditions:
The oxidizer mass fraction was obtained by solving Equation (37), considering the below boundary conditions:
Fuel mass fraction
In this zone, there was no fuel. Hence, the fuel mass faction was found to be zero:
It is notable that the values of the five parameters including the flame temperature, the fuel mass fraction, the oxidizer mass fraction and the location of the vaporization front and flame sheet were unknown.
Flame Zone Analysis
In order to study the flame zone, as previously expressed, it was assumed that the quantity of the Zeldovich number was very large so the thickness of the flame zone will be very small. In this regard, employing an asymptotic approach could be a promising technique for analyzing this zone. The Zeldovich number was calculated using the following correlation:
where E, R and T are the reaction activation energy, the universal gas constant and the flame temperature, respectively. To evaluate the critical extinction of the flame, a reduced Damkohler number was applied. Below is the critical extinction of the Damkohler number [41] : ) and δ 0 are an order of unity that can be approximated using the following equation:
where δ is the reduced Damkohler number that can be calculated using the following equation:
where F O f is defined as follows [38] :
By substituting Equation (64) into Equation (66), the following correlation was obtained:
According to Equation (70), it can be readily implied that D OE mainly depends on the flame sheet position (x f ) and the flame temperature (T f ). The ratio of a to a 0 (for which Le O = Le F = 1) is presented in the following:
Equation (71) describes the critical strain rate as a function of the fuel and oxidizer Lewis numbers. In this equation, η and d E are expressed as follows [20] :
2.7. Calculation of the Thermophoretic Force
into Equation (47), the thermophoretic forcewas obtained as follows:
∇T(x) = dT dx = 1107.65
2 ) π 
According to the definition of the thermophoretic force, this force mainly depends on the temperature gradient and the radius of the fuel particles. As previously mentioned, after the vaporization front, the solid fuel particles were completely transformed into a gaseous fuel. In this regard, the radius of the particles and subsequently the value of the thermophoretic force will be almost zero.
Results and Discussion
The properties of the lycopodium biofuel used in the present study are listed in Table 2 . In this section, changes in flame temperature, the flame sheet position, the mass fractions of the biofuel and oxidizer, the flow strain rate and the thermophoretic force with Lewis number, the position and the equivalence ratio were studied. In order to follow the temperature and mass fraction distributions of the fuel and oxidizer, solutions of the mass and energy conservation equations were used considering the afore-presented boundary and jump conditions. As mentioned earlier, the locations of the flame sheet and vaporization front were measured relative to the location of the stagnation plane whose position was employed as the reference coordinate. As assumed in References [11, 48] , the fuel supplied by the vaporization of the lycopodium particles was gaseous methane. The complete reaction of gaseous methane with air is considered as follows:
By taking into account the volatility of the biofuel, the effective gas phase equivalence ratio is defined as follows [11, 48] :
where Y F−∞ was calculated using the following equation [11, 48] :
In order to include the effect of particle porosity, the following correlation was applied: Figure 4 shows the variations of flame temperature (K) with the fuel Lewis number for several porosity factors when the oxidizer Lewis number was unified. With regard to the definition of the Lewis number in Equation (11) (the ratio of thermal diffusivity to mass diffusivity), an increase of the Lewis number leads to a reduction in the fuel mass fraction. Therefore, an accessible fuel reaching the reaction zone declined, which leads to a decrease in flame temperature. As can be observed, an increment in the fuel Lewis number from 0.2 to 1.4 resulted in a gradual increase of the flame temperature between~1355 and 1615 K for a lycopodium mass concentration of 1000 kg m 3 and a unity value of the porosity factor. It is worth mentioning that decreasing the porosity factor caused a decline in the flame temperature. * = 3
(80) Figure 4 shows the variations of flame temperature (K) with the fuel Lewis number for several porosity factors when the oxidizer Lewis number was unified. With regard to the definition of the Lewis number in Equation (11) (the ratio of thermal diffusivity to mass diffusivity), an increase of the Lewis number leads to a reduction in the fuel mass fraction. Therefore, an accessible fuel reaching the reaction zone declined, which leads to a decrease in flame temperature. As can be observed, an increment in the fuel Lewis number from 0.2 to 1.4 resulted in a gradual increase of the flame temperature between ~1355 and 1615 K for a lycopodium mass concentration of 1000 and a unity value of the porosity factor. It is worth mentioning that decreasing the porosity factor caused a decline in the flame temperature. Figure 6 indicates a change in flame temperature with the oxidizer Lewis number for different porosity factors when the fuel Lewis number was unity. As it is seen in Figure 6 , an increase of the oxidizer Lewis number caused a decline in the mass diffusivity of the oxidizer (according to the Lewis number formula) leading to a decline in the flame temperature. For the considered range of the oxidizer Lewis number from 0.3 to 1, the flame temperature varied from 1955 K to 1391 K. Figure 6 indicates a change in flame temperature with the oxidizer Lewis number for different porosity factors when the fuel Lewis number was unity. As it is seen in Figure 6 , an increase of the oxidizer Lewis number caused a decline in the mass diffusivity of the oxidizer (according to the Lewis number formula) leading to a decline in the flame temperature. For the considered range of the oxidizer Lewis number from 0.3 to 1, the flame temperature varied from 1955 K to 1391 K. In other words, the flame sheet shifted toward the oxidizer nozzle. Based on the Lewis number formula, increasing the oxidizer Lewis number reduces the mass diffusivity of oxidizer. Accordingly, the flame sheet moved toward the oxidizer zone. Regarding Figure 7 , for the considered values of the oxidizer Lewis number from 0.3 to 1, the flame sheet position changed gradually from −0.533 to −0.119. Moreover, increasing the particle porosity factor increased the flame temperature and shifted the flame sheet toward the oxidizer zone. With an increasing porosity factor, the available fuel mass for the reaction decreased so the flame sheet would be closer to the fuel nozzle. For validation purposes, the current results were compared to the numerical results reported by Wang [42] for a methane-air mixture under the same conditions (the unity values of the porosity factor and the fuel Lewis number). As represented in Figure 7 , there was consistency between the present analytical results and the data provided by Reference [42] for the case in which the porosity factor was unity. considered values of the oxidizer Lewis number from 0.3 to 1, the flame sheet position changed gradually from −0.533 to −0.119. Moreover, increasing the particle porosity factor increased the flame temperature and shifted the flame sheet toward the oxidizer zone. With an increasing porosity factor, the available fuel mass for the reaction decreased so the flame sheet would be closer to the fuel nozzle. For validation purposes, the current results were compared to the numerical results reported by Wang [42] for a methane-air mixture under the same conditions (the unity values of the porosity factor and the fuel Lewis number). As represented in Figure 7 , there was consistency between the present analytical results and the data provided by Reference [42] for the case in which the porosity factor was unity. In Figure 8 , the effect of the fuel Lewis number on the temperature distribution of the flame is shown for different mass particle concentrations. With regard to Figure 8 , an increase of the fuel Lewis number resulted in a decrease of the flame temperature, which can readily be explained by the definition of the Lewis number. According to this figure, by increasing the fuel Lewis number from 0.5 to 1, the flame temperature varied from about 1380 to 1485 K. Furthermore, by increasing the value of the mass particle concentration, the amount of available fuel for the formation of the flame increased, resulting in an increase of the flame temperature. In Figure 8 , the effect of the fuel Lewis number on the temperature distribution of the flame is shown for different mass particle concentrations. With regard to Figure 8 , an increase of the fuel Lewis number resulted in a decrease of the flame temperature, which can readily be explained by the definition of the Lewis number. According to this figure, by increasing the fuel Lewis number from 0.5 to 1, the flame temperature varied from about 1380 to 1485 K. Furthermore, by increasing the value of the mass particle concentration, the amount of available fuel for the formation of the flame increased, resulting in an increase of the flame temperature.
Energies 2018, 11, x FOR PEER REVIEW 17 of 17 Figure 11 represents the change in the temperature distribution with the flame position for various oxidizer Lewis numbers when the fuel Lewis number was unity. According to Figure 11 , the temperature of the fuel particles grew until it approached the maximum temperature corresponding to the flame sheet position. The temperature of the oxidizer also grew until it reached the flame temperature (right-hand side of the stagnation plane). Reducing the oxidizer Lewis number from 1 to 0.4 caused a decrease in the flame temperature and a shift of the flame sheet toward the oxidizer nozzle. Figure 9 depicts the effect of the fuel Lewis number on the location of the flame sheet considering several different mass particle concentrations. By increasing the fuel Lewis number from 0.5 to 1, the flame sheet position ranged from −0.096 to −0.01765 when the mass particle concentration was 900 kg/m 3 . Increasing the Lewis number of the fuel decreased the amount of fuel mass approaching the reaction zone, which shifted the flame sheet toward the fuel nozzle. It is notable that the mass fraction of the fuel for the reaction process increased with an increase in the mass particle concentration. Therefore, further fuel mass diffusivity pushed the flame sheet toward the oxidizer zone.
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Leo=0.8,Lef=1
Leo=0.4,Lef=1 In Figure 12 , changes in the gaseous fuel and oxidizer mass fractions with the flame position are described for several different mass particle concentrations. Regarding Figure 12 , the gaseous fuel mass fraction increased until it reached the vaporization front at which the mass fraction of gaseous fuel was the lowest. Afterwards, the gaseous fuel was oxidized and consumed in the reaction zone so its mass fraction reduced to zero. From the opposite side, the oxidizer flowed toward the reaction zone and was consumed for the generation of the flame. Therefore, its mass fraction decreased as it moved closer to the flame front. Similarly to the fuel mass fraction, the oxidizer was entirely consumed at the flame front position and its mass fraction became zero. It can also be implied that increasing the value of the porosity factor increased the gaseous fuel mass fraction. Therefore, the vaporization front moved toward the oxidizer nozzle.
investigation and the results provided by Seshadri and Trevino [41] for the critical strain rate under the same conditions ( = 30,000 K and the oxidizer Lewis number was unity). With regard to Figure 14 , a reasonable agreement exists between the compared results under the considered conditions. Figures 15 and 16 delineate the impact of the oxidizer and fuel Lewis numbers on the thermophoretic force for the unity value of the porosity factor, respectively. According to these figures, until reaching the vaporization front, the thermophoretic force continuously reduced with the flame position. As the oxidizer and fuel Lewis numbers decreased, the maximum temperature occurring at the reaction zone increased. In this regard, a temperature gradient and subsequently the value of the thermophoretic force increased. Further, it can be seen that by decreasing the oxidizer and fuel Lewis numbers, the location of the minimum thermophoretic force moved toward the fuel nozzle. As there was no solid fuel after the vaporization front, the value of and the thermophoretic force will be zero. [41] for the critical strain rate under the same conditions (T a = 30,000 K and the oxidizer Lewis number was unity). With regard to Figure 14 , a reasonable agreement exists between the compared results under the considered conditions. Figures 15 and 16 delineate the impact of the oxidizer and fuel Lewis numbers on the thermophoretic force for the unity value of the porosity factor, respectively. According to these figures, until reaching the vaporization front, the thermophoretic force continuously reduced with the flame position. As the oxidizer and fuel Lewis numbers decreased, the maximum temperature occurring at the reaction zone increased. In this regard, a temperature gradient and subsequently the value of the thermophoretic force increased. Further, it can be seen that by decreasing the oxidizer and fuel Lewis numbers, the location of the minimum thermophoretic force moved toward the fuel nozzle. As there was no solid fuel after the vaporization front, the value of r p and the thermophoretic force will be zero. The impact of porosity on the thermophoretic force is illustrated in Figure 17 taking into account the unity values of the oxidizer and fuel Lewis numbers. According to this figure, an increase of the porosity factor enhanced the thermophoretic force. By increasing the porosity factor, the accessible fuel that approached the flame zone decreased leading to a decline in the value maximum flame temperature. In this regard, the temperature gradient term in Equation (8) increase of the porosity factor enhanced the thermophoretic force. By increasing the porosity factor, the accessible fuel that approached the flame zone decreased leading to a decline in the value maximum flame temperature. In this regard, the temperature gradient term in Equation (8) decreased causing a decline in the value of the thermophoretic force. Similarly to Figures 15 and 16 , since no solid fuel existed after the vaporization front, the value of and then the thermophoretic force will be zero. The impact of porosity on the thermophoretic force is illustrated in Figure 17 taking into account the unity values of the oxidizer and fuel Lewis numbers. According to this figure, an increase of the porosity factor enhanced the thermophoretic force. By increasing the porosity factor, the accessible fuel that approached the flame zone decreased leading to a decline in the value maximum flame temperature. In this regard, the temperature gradient term in Equation (8) decreased causing a decline in the value of the thermophoretic force. Similarly to Figures 15 and 16 , since no solid fuel existed after the vaporization front, the value of r p and then the thermophoretic force will be zero. 
Conclusions
Due to its appropriate dispersibility and flammability, lycopodium has been used as a reasonable reference organic fuel for testing different combustion systems and recognizing the processes occurring in the system prior to industrial scale-up. To provide helpful theoretical results about the effective parameters (i.e., the porosity and thermophoretic force), this paper used a mathematical approach to study the structure of multi-zone counter non-premixed flames fueled by lycopodium particles. Preheat, vaporization, flame and oxidizer zones were considered for the flame. Mass and energy equations were obtained for the zones. In this analysis, the porosity of the biofuel particles was also taken into account. Further, the vaporization rate and thermophoresis effects were modelled. Changes in the flame temperature and flame sheet position with fuel and oxidizer Lewis numbers were presented by considering different porosity factors. The impacts of the 
Due to its appropriate dispersibility and flammability, lycopodium has been used as a reasonable reference organic fuel for testing different combustion systems and recognizing the processes occurring in the system prior to industrial scale-up. To provide helpful theoretical results about the effective parameters (i.e., the porosity and thermophoretic force), this paper used a mathematical approach to study the structure of multi-zone counter non-premixed flames fueled by lycopodium particles.
Preheat, vaporization, flame and oxidizer zones were considered for the flame. Mass and energy equations were obtained for the zones. In this analysis, the porosity of the biofuel particles was also taken into account. Further, the vaporization rate and thermophoresis effects were modelled. Changes in the flame temperature and flame sheet position with fuel and oxidizer Lewis numbers were presented by considering different porosity factors. The impacts of the effective equivalence ratio, the flow critical strain rate, and the gaseous fuel and oxidizer mass fractions were evaluated. Finally, the thermophoretic force caused by the temperature gradient was obtained for different porosity factors, fuel and oxidizer Lewis numbers. For the case in which the oxidizer and fuel Lewis numbers were equal to 0.4 and 1, a maximum temperature of the flame was found to be~1860 K. The maximum mass fraction of gaseous fuel that occurred at the vaporization front was found to be 0.44 when the value of the porosity factor was unity. In this analysis, for the unity value of the fuel Lewis number, the minimum value of the thermophoretic force was found to be −1.48 × 10 −8 N, when the oxidizer Lewis number was 0.4. On the other hand, for the unity value of oxidizer Lewis number, the minimum value of the thermophoretic force was equal to −1.53 × 10 −8 N at a fuel Lewis number of 0.4. By considering the porosity factor, the minimum value of the thermophoretic force occurred at a unity value of the porosity factor and its value was found to be −1.28 × 10 −8 N. Studying the effects of oscillation and instability and calculating the quenching distance for counter-flow non-premixed combustion can be considered in future works. The main conclusions of the present study are summarized as follows:
•
The flame temperature increased by decreasing the volume porosity, fuel and oxidizer Lewis numbers.
The flame sheet position moved toward the fuel nozzle with an increasing volume porosity and fuel Lewis number.
The flame sheet position shifted toward the fuel nozzle by decreasing the oxidizer Lewis number.
The thermophoretic force increased by decreasing the volume porosity, fuel and oxidizer Lewis numbers.
The critical strain rate increased by decreasing the volume porosity, fuel and oxidizer Lewis numbers. Funding: This research received no external funding.
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